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Abstract
Some examples of naturally arising multisum q-series which turn out to have representations as fermionic
single sums are presented. The resulting identities are proved using transformation formulas from the theory
of basic hypergeometric series.
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1. Introduction
It is certainly useful to be able to transform a naturally arising q-multisum into a single-fold
sum. Many such identities are well known, e.g. the “a-generalized Andrews–Gordon theorem,”
(see Eq. (1.2) below), and Bressoud’s generalization to even moduli [14,15], Krattenthaler and
Rosengren’s q-analog [20] of an identity of Gelfand, Graev, and Retakh [18], the many identities
of the physicists Berkovich, McCoy, Orrick, Pearce, Schilling, and Warnaar [8,9,11–13,26], to
name a few. In these papers, the multisums generally fall into a category of what physicists call
“fermionic” representations, while the single sum representations are “bosonic.”
A different category of q-identities, often called “fermionic reduction formulas,” first appears
in Andrews’ 1981 paper on multiple q-series identities [4], where it is shown how to simplify
certain fermionic q-multisums via two “amalgamation lemmas” [4, pp. 19, 20, Lemmas 1, 2].
Another important result in this genre was conjectured by Melzer [21], and proved by Bressoud,
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A.V. Sills / Advances in Applied Mathematics 39 (2007) 260–268 261Ismail, and Stanton using Bailey lemma techniques [16, Theorems 5.1 and 5.2]. The Melzer con-
jecture was subsequently reproved by Warnaar [28, Theorem 4.4] using other methods. In [27],
Warnaar provides another interesting fermionic reduction formula. The results of this paper fall
into the category of fermionic reduction formulas.
The terms “fermionic” and “bosonic” arise in statistical physics. For proper definitions of
“fermionic” and “bosonic,” one should consult an appropriate paper written by a physicist;
see e.g. [10, p. 165 ff.]. However, since q-series identities arising in physics also occur in
combinatorics and mathematical analysis, it seems reasonable, by analogy, to attach the term
“fermionic” to any set of integer partitions with difference conditions and to its associated gen-
erating function, and the term “bosonic” to a set of integer partitions associated with congruence
conditions, and to its associated generating function. This is the sense in which I use the terms
herein.
Before proceeding to the identities, it would be useful to point out the combinatorial context
which paved the way to their discovery.
A partition π of an integer n is a nonincreasing sequence (π1,π2,π3, . . .) of nonnegative
integers such that
∑∞
j=1 πj = n. Each nonzero πi is called a part of π . The number of times j
appears in π is called the multiplicity of j in π and is denoted mj(π).
Recall Gordon’s combinatorial generalization of the Rogers–Ramanujan identities [19]:
Gordon’s partition theorem. Let Ak,i(n) denote the number of partitions of the integer n into
parts ≡ 0,±i mod 2k + 1. Let Bk,i(n) denote the number of partitions π of n such that m1(π) <
i, and for any positive integer j , mj(π) + mj+1(π) < k. Then for 1 i  k, Ak,i(n) = Bk,i(n).
It is well known [1, p. 111, Theorem 7.8] that Andrews’ generalization of the Rogers–
Ramanujan identities for odd moduli [2, p. 4082, Theorem 1] is a q-series counterpart to Gor-
don’s theorem, and as such is often called the “Andrews–Gordon theorem.”
The Andrews–Gordon theorem. For 1 i  k, k  1,
∑
n1,n2,...,nk−10
qN
2
1 +N22 +···+N2k−1+Ni+Ni+1+···+Nk−1
(q)n1(q)n2 · · · (q)nk−1
= (q
i, q2k+1−i , q2k+1;q2k+1)∞
(q)∞
, (1.1)
where Nj = nj + nj+1 + · · · + nk−1, and
(a)n = (a;q)n = (1 − a)(1 − aq)
(
1 − aq2) · · · (1 − aqn−1),
(a)∞ = (a;q)∞ = (1 − a)(1 − aq)
(
1 − aq2) · · · ,
(a1, a2, . . . , ar ;q)n = (a1)n(a2)n · · · (ar )n.
Furthermore, a standard refinement of the Bk,i(n) of Gordon’s partition theorem counts
Bk,i(m,n), the number of partitions of n counted by Bk,i(n) which have exactly m parts. The
analogous refinement of (1.1) is [1, p. 112, Eq. (7.3.8)]
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n=0
n∑
m=0
Bk,i(m,n)amqn
=
∑
n1,n2,...,nk−10
aN1+N2+···+Nk−1qN
2
1 +N22 +···+N2k−1+Ni+Ni+1+···+Nk−1
(q)n1(q)n2 · · · (q)nk−1
= 1
(aq)∞
∑
n0
(−1)naknq(2k+1)n(n+1)/2−in(1 − aiq(2n+1)i )(aq)n
(q)n
. (1.2)
In a recent paper [23], I showed that certain q-series were related to dilated versions of special
cases of Gordon’s partition theorem. Accordingly, the following identities between multisum and
single sum q-series, although not explicitly stated in [23], follow immediately from the results
therein:
∞∑
r=0
∞∑
s=0
ar+2sq2(r+s)2+2s2
(q2;q2)r (q2;q2)s =
(
aq;q2)∞
∞∑
j=0
ajqj
2
(aq;q2)j (q)j , (1.3)
∞∑
r=0
∞∑
s=0
∞∑
t=0
ar+2s+3t q3(r+s+t)2+3(s+t)2+3t2
(q3;q3)r (q3;q3)s(q3;q3)t =
(aq)∞
(aq3;q3)∞
∞∑
j=0
ajqj
2
(a;q3)j
(a)2j (q)j
. (1.4)
Note that the series on the left-hand sides of (1.3) and (1.4) are special cases of the Andrews–
Gordon theorem (with q → q2, k = i = 3; and q → q3, k = i = 4 respectively), while the
right-hand sides arise in Bailey’s two-variable generalizations [7, pp. 6–7] of Rogers’ first mod
14 identity [22, p. 341, Example 2] and Dyson’s first mod 27 identity [6, p. 433, Eq. (B4)],
respectively.
Note that the Andrews–Gordon theorem, and indeed all of the identities presented herein, may
be regarded as identities of analytic functions and are thus subject to convergence conditions.
However, since the underlying motivation is combinatorial (and so the series may be regarded as
generating functions), the convergence conditions will not be explicitly mentioned.
Although proved in [23] with the aid of systems of q-difference equations, it is not at all
obvious why the right-hand side of (1.3) enumerates the partitions from the k = i = 3 case of
Gordon’s partition theorem (dilated by a factor of 2) and the right-hand side of (1.4) enumerates
the partitions from the k = i = 4 case of Gordon’s partition theorem (dilated by a factor of 3),
but once this fact is established, their equality with their respective left-hand sides is immediate
thanks to the Andrews–Gordon theorem.
The purpose of this note is to present q-hypergeometric proofs of (1.3) and (1.4) in order to
gain an understanding of these identities from the standpoint of basic hypergeometric series. The
identities (1.3) and (1.4) will be derived as corollaries of the more general identities
n∑
j=0
j∑
h=0
(q−2n)2j (yq;q2)j (aq/xy;q2)j (q−2j ;q2)h(xq;q2)h(y;q2)h
(q2;q2)j (aq/x;q2)j (aq2/y;q2)j (yq2−4n/a;q2)j (q2;q2)h(aq2/b;q2)h
× (aq
2/bx;q2)h
2 2 1−2j 2 q
2h+2j(aq /x;q )h(xyq ;q )h
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2)2n(aq/xy)2n
(aq/x)2n(aq2/y;q2)2n−1(1 − aq2n/y)
2n∑
j=0
(x)j (y)j (aq/b;q2)j (q−2n)j qj
(q)j (aq;q2)j (aq/b)j (xyq−2n/a)j (1.5)
and
n∑
j=0
j∑
k=0
k∑
m=0
(q−3n)3j (a/y2;q3)j (q−3j ;q3)k(yq;q3)k(yq2;q3)k
(q3;q3)j (q3;q3)k(q3;q3)m(aq2/y;q3)j (aq/y;q3)j (aq/x;q3)k
× (aq/xy;q
3)k(q3k;q3)m(xq2;q3)m(y;q3)m(aq2/x2;q3)mq3j+3k+3m
(aq2/x;q3)m(aq3/x;q3)m(q3−9n;q3)j (y3q3−3j /a;q3)k(xyq2−3j /a;q3)m(aq3/y;q3)k
= (aq)3n(aq/xy)3n(aq
3n+1;q3)n(aq3n+2;q3)n
(aq/x)3n(aq/y)3n(aq3;q3)n(aq6n;q3)n
3n∑
j=0
(a;q3)j (x)j (y)j (q−3n)j qj
(q)j (a;q2)2j (xyq−3n/a)j . (1.6)
In Section 2, proofs of (1.3)–(1.6) are presented. These proofs suggest additional results,
presented in Section 3. Finally, related open questions are presented in Section 4.
2. q-Hypergeometric proofs of (1.3)–(1.6)
The basic hypergeometric series is defined, as in [17], by
rφs
[
a1, a2, . . . , ar
b1, b2, . . . , bs
;q, z
]
:=
∞∑
j=0
(a1;q)j (a2;q)j · · · (ar ;q)j
(q;q)j (b1;q)j (b2;q)j · · · (bs;q)j z
j
[
(−1)j qj (j−1)/2]1+s−r . (2.1)
Note that a basic hypergeometric series (2.1) is called well-poised if s = r − 1 and a1q =
a2b2 = · · · = ar = br−1 and very-well-poised if, in addition, a2 = q√a1 and a3 = −q√a1.
Very-well-poised series are central to the study and turn out to be the common link between
the multisum and single sum representations in this paper. It will be convenient to employ the
following condensed notation for very-well-poised basic series:
r+1Wr(a;a4, a5, . . . , ar+1;q, z)
:= r+1φr
[
a, q
√
a,−q√a, a4, a5, . . . , ar+1√
a,−√a, aq/a4, aq/a5, . . . , aq/ar+1 ;q, z
]
.
In [3], Andrews presents a very general series transformation formula whereby a very-well-
poised 2k+4φ2k+3 is transformed into a (k − 1)-fold multisum representation. The k = 2 case
is equivalent to Watson’s q-analogue of Whipple’s theorem [29]. The k = 3 case of Andrews’
transformation may be stated as
10W9
(
a;b, c, d, e, f, g, q−n;q, a3qn+3/bcdefg)
= (aq)n(aq/fg)n
(aq/f )n(aq/g)n
n∑ (q−n)j (f )j (g)j (aq/de)j qj
(q)j (aq/d)j (aq/e)j (fgq−n/a)jj=0
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[
q−j , d, e, aq/bc
aq/b, aq/c, deq−j /a ;q, q
]
, (2.2)
where, here and throughout, n is a nonnegative integer. While (2.2) transforms a fairly general
very-well-poised 10φ9 to a double sum, there are a number of transformation formulas known
which transform a somewhat more specialized very-well-poised 10φ9 to a single sum. For in-
stance, Verma and Jain [25, p. 232, Eq. (1.4)] found
10W9
(
a;b, x, xq, y, yq, q1−n, q−n;q2, a3q2n+3/bx2y2)
= (aq)n(aq/xy)n
(aq/x)n(aq/y)n
5φ4
[
x, y,
√
aq/b,−√aq/b, q−n√
aq,−√aq, aq/b, xyq−n/a ;q, q
]
. (2.3)
Note: the n → ∞ case of (2.3) is given by Bailey (in a somewhat disguised form) as [7, p. 6,
Eq. (6.3)]. With (2.2) and (2.3) in hand, it is now time to establish (1.5).
Theorem 2.1. Identity (1.5) is valid.
Proof. The result follows from the observation that
10W9
(
a;b, x, xq, y, yq, q1−2n, q−2n;q2, a3q4n+3/bx2y2) (2.4)
can be transformed via either (2.2) or (2.3). Transforming (2.4) via (2.2) yields
(aq2;q2)n(aq2n/y;q2)n
(aq/y;q2)n(aq1+2n;q2)n
n∑
j=0
(q−2n;q2)j (yq;q2)j (q1−2n;q2)j (aq/xy;q2)j
(q2;q2)j (aq/x;q2)j (aq2/y;q2)j (yq2−4n/a;q2)j
× 4φ3
[
q−2j , xq, y, aq2/bx
aq2/b, aq2/x, xyq1−2j /a ;q
2, q2
]
, (2.5)
while transforming (2.4) via (2.3) yields
(aq)2n(aq/xy)2n
(aq/x)2n(aq/y)2n
5φ4
[
x, y,
√
aq/b,−√aq/b, q−2n√
aq,−√aq, aq/b, xyq−2n/a ;q, q
]
. (2.6)
Thus (2.5) = (2.6). 
While it must be admitted that Identity (1.5) is probably not the most beautiful of identities, it
nonetheless gives rise to elegant corollaries, which may now be easily deduced.
Corollary 2.2. Identity (1.3) is valid.
Proof. Let b, x, y,n → ∞ in Eq. (1.5). 
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is straightforward to deduce its two partners:
Corollary 2.3.
∞∑
r=0
∞∑
s=0
ar+2sq2(r+s)2+2s2+2r+4s
(q2;q2)r (q2;q2)s =
(
aq;q2)∞
∞∑
j=0
ajqj
2+2j
(aq;q2)j+1(q)j , (2.7)
∞∑
r=0
∞∑
s=0
ar+2sq2(r+s)2+2s2+2s
(q2;q2)r (q2;q2)s =
(
aq;q2)∞
∞∑
j=0
ajqj
2+j
(aq;q2)j+1(q)j . (2.8)
Proof. To obtain (2.7), replace a by aq2 in (1.3). To obtain (2.8), subtract a2q4 times (2.7) with
a replaced by aq2 from (1.3). 
Not surprisingly, other limiting cases of (1.5) reduce a particular double series to a familiar
single sum.
Corollary 2.4.
(−q)∞
∑
j,k0
q4j
2+6k2+8jk−k
(−q;q4)j+k(q4;q4)j (q4;q4)k =
∞∑
j=0
qj
2
(q)2j
. (2.9)
Proof. In (1.5), let b, y,n → ∞, set x = −√q , a = 1, and replace q by q2 throughout. 
The right-hand side of (2.9) appears twice on Slater’s list [24, p. 160, Eq. (79) and p. 162,
Eq. (98)], as the series expansion of the (equivalent) infinite products (q2;q2)−1∞ (−q;q2)∞ ×
(q8, q12, q20;q20)∞ and (q)−1∞ (q2, q8, q10;q10)∞(q6, q14;q20)∞, respectively. This series
expansion on the right-hand side of (2.9) is originally due to L.J. Rogers [22, p. 330,
2nd equation].
Andrews [5] pointed out the following alternate simplification of the double sum in the left-
hand side of (2.9):
∑
j,k0
q4j
2+6k2+8jk−k
(−q;q4)j+k(q4;q4)j (q4;q4)k
=
∞∑
t=0
q4t
2
(−q4;q4)t (q4;q4)t
t∑
k=0
q2k
2−k(q4;q4)t
(q4;q4)k(q4;q4)t−k (by letting t = j + k)
=
∞∑
t=0
q4t
2
(q4;q4)t
(
by the q-binomial theorem [17, p. 8, Eq. (1.3.2)]).
Notice that the last expression is the series portion of the first Rogers–Ramanujan identity (the
k = i = 2 case of (1.1)) with q → q4.
Next, consider the k = 4 case of Andrews’ transformation:
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(
a;b, c, d, e, f, g,h, i, q−n;q, a4qn+4/bcdefghi)
= (aq)n(aq/hi)n
(aq/h)n(aq/i)n
n∑
j=0
(q−n)j (h)j (i)j (aq/fg)jqj
(q)j (aq/f )j (aq/g)j (hiq−n/a)j
×
j∑
k=0
(q−j )k(f )k(g)k(aq/de)kqk
(q)k(aq/d)k(aq/e)k(fgq−j /a)k
4φ3
[
q−k, d, e, aq/bc
aq/b, aq/c, deq−j /a ;q, q
]
(2.10)
and Verma and Jain’s transformation [25, p. 232, Eq. (1.5)]:
12W11
(
a;x, xq, xq2, y, yq, yq2, q2−n, q1−n, q−n;q3, a4q3n+3/x3y3)
= (aq)n(aq/xy)n
(aq/x)n(aq/y)n
6φ5
[
3√a,ω 3√a,ω2 3√a, x, y, q−n√
a,−√a,√aq,−√aq, xyq−n/a ;q, q
]
, (2.11)
where ω is a primitive cube root of unity.
Theorem 2.5. Identity (1.6) is valid.
Proof. The proof is completely analogous to that of identity (1.5), with (2.10) playing the role
of (2.2), and (2.11) playing the role of (2.3). This time the “very-well-poised link” is
12W11
(
a;x, xq, xq2, y, yq, yq2, q2−3n, q1−3n, q−3n;q3, a4q9n+3/x3y3). 
Corollary 2.6. Identity (1.4) is valid.
Proof. Let b, x, y,n → ∞ in Eq. (1.6). 
Just like (1.3), Eq. (1.4) is one of a set of closely related identities; the three partners of (2.14)
are
∞∑
r=0
∞∑
s=0
∞∑
t=0
ar+2s+3t q3[(r+s+t)2+(s+t)2+t2+3r+2s+t]
(q3;q3)r (q3;q3)s(q3;q3)t =
(aq)∞
(aq3;q3)∞
∞∑
j=0
ajqj
2+3j (aq3;q3)j
(aq)2j+2(q)j
,
(2.12)
∞∑
r=0
∞∑
s=0
∞∑
t=0
ar+2s+3t q3[(r+s+t)2+(s+t)2+t2+2r+2s+t]
(q3;q3)r (q3;q3)s(q3;q3)t =
(aq)∞
(aq3;q3)∞
∞∑
j=0
ajqj
2+2j (aq3;q3)j
(aq)2j+2(q)j
,
(2.13)
∞∑
r=0
∞∑
s=0
∞∑
t=0
ar+2s+3t q3[(r+s+t)2+(s+t)2+t2+r+s+t]
(q3;q3)r (q3;q3)s(q3;q3)t =
(aq)∞
(aq3;q3)∞
∞∑
j=0
ajqj
2+j (aq3;q3)j
(aq)2j+1(q)j
.
(2.14)
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In light of the previous section, it makes sense to consider another transformation formula of
Verma and Jain [25, p. 232, Eq. (1.3)]; see Bailey [7, p. 6, Eq. (6.1)] for the n → ∞ case.
10W9
(
a;b, x,−x, y,−y,−q−n, q−n;q,−a3q2n+3/bx2y2)
= (a
2q2;q2)n(a2q2/x2y2;q2)n
(a2q2/x2;q2)n(a2q2/y2)n 5φ4
[
x2, y2,−aq/b,−aq2/b, q−2n
−aq,−aq2, a2q2/b2, x2y2q−2n/a2 ;q
2, q2
]
. (3.1)
Here all that is needed is to make the substitutions c = x, d = −x, e = y, f = −y, g = −q−n in
(2.2), equate its right-hand side with the right-hand side of (3.1), and after some routine algebra,
results in the following theorem:
Theorem 3.1.
n∑
j=0
(q−2n;q2)j (−y)j (−aq/xy)j qj
(q)j (−aq/x)j (aq/y)j (yq−2n/a)j 4φ3
[
q−j ,−x, y, aq/bx
aq/b, aq/x,−xyq−j /a ;q, q
]
= (−aq)2n(a
2q2/x2y2;q2)n
(a2q2/x2;q2)n(aq/y)2n 5φ4
[
q−2n, x2, y2,−aq/b,−aq2/b
x2y2q−2n/a2, a2q2/b2,−aq,−aq2 ;q
2, q2
]
, (3.2)
which, after suitable specialization, yields
Corollary 3.2.
∑
j,k0
(−1)kaj+2kq(j+k)2+(k+12 )
(q)j (q)k
= (−aq)∞
∞∑
j=0
a2j q2j
2
(−aq)2j (q2;q2)j . (3.3)
The series on the right-hand side of (3.3) with a = 1 is the series associated with the
first Rogers–Selberg identity, an expansion of the series (q3, q4, q7;q7)∞(q2;q2)−1∞ , due to
Rogers [22, p. 338] and recorded by Slater [24, Eq. (33)].
4. Discussion
Once I had in hand a q-hypergeometric explanation for the existence of identities like (1.3)
and (1.4), it was only natural to look for additional analogous identities. I did not search ex-
haustively, but rather presented a couple of striking examples relating to well-known series (e.g.
Rogers–Selberg). Certainly additional identities of this type exist (e.g. a multisum version of the
Bailey “mod 9 identities” [6, p. 422, Eqs. (1.6)–(1.8)], [24, Eqs. (40)–(42)]), and the interested
reader is encouraged to use the methods of this paper to work out additional examples.
A more ambitious project would be to look for bijective proofs of identities like (1.3) and (1.4).
Acknowledgments
The author thanks the anonymous referee and the editors, Joseph Kung and Doron Zeilberger,
for carefully reading the manuscript and providing a number of helpful suggestions.
268 A.V. Sills / Advances in Applied Mathematics 39 (2007) 260–268References
[1] G.E. Andrews, The Theory of Partitions, Addison–Wesley, 1976; reissued Cambridge Univ. Press, 1998.
[2] G.E. Andrews, An analytic generalization of the Rogers–Ramanujan identities for odd moduli, Proc. Natl. Acad.
Sci. USA 71 (1974) 4082–4085.
[3] G.E. Andrews, Problems and prospects for basic hypergeometric functions, in: R. Askey (Ed.), Theory and Appli-
cation of Special Functions, Academic Press, New York, 1975, pp. 191–214.
[4] G.E. Andrews, Multiple q-series identities, Houston J. Math. 7 (1981) 11–22.
[5] G.E. Andrews, Private communication, May 10, 2005.
[6] W.N. Bailey, Some identities in combinatory analysis, Proc. London Math. Soc. (2) 49 (1947) 421–435.
[7] W.N. Bailey, Identities of the Rogers–Ramanujan type, Proc. London Math. Soc. (2) 50 (1948) 1–10.
[8] A. Berkovich, B.M. McCoy, Generalizations of the Andrews–Bressoud identities for the N = 1 superconformal
model SM(2,4ν), in: Combinatorics and Physics, Marseilles, 1995, Math. Comput. Modelling 26 (8–10) (1997)
37–49.
[9] A. Berkovich, B.M. McCoy, The perturbation φ2,1 of the M(p,p+1) models of conformal field theory and related
polynomial-character identities, Ramanujan J. 4 (4) (2000) 353–383.
[10] A. Berkovich, B.M. McCoy, Rogers–Ramanujan identities: A century of progress from mathematics to physics, in:
Proceedings of the International Congress of Mathematicians, vol. III, Berlin, 1998, in: Doc. Math., Extra vol. III,
1998, pp. 163–172.
[11] A. Berkovich, B.M. McCoy, W.P. Orrick, Polynomial identities, indices, and duality for the N = 1 superconformal
model SM(2,4ν), J. Statist. Phys. 83 (5-6) (1996) 795–837.
[12] A. Berkovich, B.M. McCoy, A. Schilling, Rogers–Schur–Ramanujan type identities for the M(p,p′) minimal mod-
els of conformal field theory, Comm. Math. Phys. 191 (2) (1998) 325–395.
[13] A. Berkovich, B.M. McCoy, A. Schilling, S.O. Warnaar, Bailey flows and Bose–Fermi identities for the conformal
coset models (A(1)1 )N × (A(1)1 )N ′/(A(1)1 )N+N ′ , Nuclear Phys. B 499 (3) (1997) 621–649.
[14] D.M. Bressoud, A generalization of the Rogers–Ramanujan identities for all moduli, J. Combin. Theory Ser. A 27
(1979) 64–68.
[15] D.M. Bressoud, Analytic and combinatorial generalizations of the Rogers–Ramanujan identities, Mem. Amer. Math.
Soc. 24 (227) (1980) 1–54.
[16] D.M. Bressoud, M.E.H. Ismail, D. Stanton, Change of base in Bailey pairs, Ramanujan J. 4 (2000) 435–453.
[17] G. Gasper, M. Rahman, Basic Hypergeometric Series, second ed., Encyclopedia Math. Appl., vol. 96, Cambridge
Univ. Press, 2004.
[18] I.M. Gelfand, M.I. Graev, V.S. Retakh, General hypergeometric systems of equations and series of hypergeometric
type, Russian Math. Surveys 47 (1992) 1–88.
[19] B. Gordon, A combinatorial generalization of the Rogers–Ramanujan identities, Amer. J. Math. 83 (1961) 393–399.
[20] C. Krattenthaler, H. Rosengren, On a hypergeometric identity of Gelfand, Graev, and Retakh, in: Proceedings
of the International Conference on Special Functions and Their Applications, Chennai, 2002, J. Comput. Appl.
Math. 160 (1-2) (2003) 147–158.
[21] E. Melzer, Supersymmetric analogs of the Gordon–Andrews identities, and related TBA systems, http://arxiv.org/
pdf/hep-th/9412154.
[22] L.J. Rogers, Second memoir on the expansion of certain infinite products, Proc. London Math. Soc. 25 (1894)
318–343.
[23] A.V. Sills, On identities of the Rogers–Ramanujan type, Ramanujan J. 11 (2006) 403–429.
[24] L.J. Slater, Further identities of the Rogers–Ramanujan type, Proc. London Math. Soc. (2) 54 (1952) 147–167.
[25] A. Verma, V.K. Jain, Transformations between basic hypergeometric series on different bases and identities of
Rogers–Ramanujan type, J. Math. Anal. Appl. 76 (1980) 230–269.
[26] S.O. Warnaar, The Andrews–Gordon identities and q-multinomial coefficients, Comm. Math. Phys. 184 (1) (1997)
203–232.
[27] S.O. Warnaar, The generalized Borwein conjecture I: The Burge transform, in: q-Series with Applications to Com-
binatorics, Number Theory, and Physics, Urbana, IL, 2000, in: Contemp. Math., vol. 291, Amer. Math. Soc.,
Providence, RI, 2001, pp. 243–267.
[28] S.O. Warnaar, The generalized Borwein conjecture II: Refined q-trinomial coefficients, Discrete Math. 272 (2003)
215–258.
[29] G.N. Watson, A new proof of the Rogers–Ramanujan identities, J. London Math. Soc. 4 (1929) 4–9.
